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Abstract
We study realizations of the exceptional non-linear (quadratically generated, or W -
type) N = 8 and N = 7 superconformal algebras with Spin(7) and G2 affine symmetry
currents, respectively. Both the N = 8 and N = 7 algebras admit unitary highest-
weight representations in terms of a single boson and free fermions in 8 of Spin(7) and
7 of G2, with the central charges c8 = 26/5 and c7 = 5, respectively. Furthermore, we
show that the general coset Ansa¨tze for the N = 8 and N = 7 algebras naturally lead
to the coset spaces SO(8) × U(1)/SO(7) and SO(7) × U(1)/G2 , respectively, as the
additional consistent solutions for certain values of the central charge. The coset space
SO(8)/SO(7) is the seven-sphere S7, whereas the space SO(7)/G2 represents the seven-
sphere with torsion, S7T. The division algebra of octonions and the associated triality
properties of SO(8) play an essential role in all these realizations. We also comment on
some possible applications of our results to string theory.
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1 Introduction
Infinite conformal symmetry in two dimensions is the fundamental underlying symmetry
of string theory [1], and it plays an essential role in the understanding of the critical
behaviour of two-dimensional physical systems. Similarly, supersymmetric extensions
of the infinite-dimensional conformal algebra underlie various superstring theories. For
example, space-time supersymmetric classical vacua of superstring theories in various
dimensions are described by extended superconformal field theories. Extended super-
conformal symmetry also has applications to integrable systems and to topological field
theories as well [2, 3].
The finite-dimensional (global) subgroup of the two-dimensional conformal group
SO(2, 2) is not simple, and it decomposes as SO(2, 2) ≃ SO(2, 1)× SO(2, 1), with the
two SO(2, 1) factors acting on left and right movers, respectively. This allows one to have
different number of supersymmetries in the left and right moving sectors. A complete
classification of supersymmetric extensions of the finite-dimensional global conformal
group in two dimensions was given in [4]. However, not all finite-dimensional (global)
superconformal algebras admit extensions to infinite-dimensional linear superconformal
algebras with generators of non-negative conformal dimensions. The maximal number
(N) of supersymmetries such linear infinite superconformal algebras can have is four
[5, 6, 7, 8].
It is possible to have supersymmetric extensions of the Virasoro algebra with N > 4,
while retaining the requirement that the generators have non-negative conformal dimen-
sions. However, the price one has to pay is either to have a non-linear superconformal
algebra, as in the Bershadsky-Knizhnik algebras [9, 10], or introduce field-dependent
structure constants, as in the so-called soft N = 8 algebra introduced in ref. [11] and
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further studied in refs. [12, 13, 14, 15]. The soft N = 8 algebra appears as the algebra
of first-class constraints in the Green-Schwarz superstring action in ten dimensions [12].
Such field-dependent ‘structure constants’ also appear in the symmetry algebras of the
two-dimensional locally supersymmetric non-linear sigma-models (NLSMs) with N > 4,
where they may even become non-chiral due to non-trivial mixing between the left- and
right-moving modes via dilaton couplings, when the number of supersymmetries exceeds
eight [16]. The Grassmannian symmetric spaces
SO(8, m)
SO(8)× SO(m) m ≥ 1, (1.1)
appear as solutions for the N = 8 locally supersymmetric NLSM target manifolds [17,
18]. The soft algebras usually have no restrictions on their central extensions, while
their ‘structure constants’ are, in fact, functions on the target manifold.
The N -extended superconformal algebras of the type introduced by Bershadsky and
Knizhnik [9, 10] comprise generators of conformal dimension 2, 3/2 and 1 only. They
contain (i) the Virasoro subalgebra, (ii) N real supercurrents of conformal dimension
3/2, whose operator products give the stress tensor of dimension 2, symmetry currents
of dimension 1, and terms that are quadratic in the symmetry currents, (iii) satisfy the
Jacobi ‘identities’, and (iv) have the usual spin-statistics relation. Under the require-
ment of reductivity, a complete classification of such algebras was given in refs. [19, 20].
Being “reductive” means that they linearise in the limit when their central charges go
to infinity. In this limit, the infinite-dimensional vacuum-preserving algebra becomes a
finite superalgebra containing the finite (global) conformal algebra. Thus, the full classi-
fication of such non-linear superconformal algebras [19, 20] follows from the classification
of finite-dimensional (global) superconformal algebras given in ref. [4]. There are three
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infinite classical families (for either the right- or the left-moving modes) ,
osp(N |2;R) , su(1, 1|N) , osp(4∗|2N) , (1.2)
a one-parameter family of the N = 4 algebras, and two exceptional superconformal
algebras with N = 7 and N = 8 supersymmetries.
All the extended superconformal algebras can be viewed as arising from the quan-
tum hamiltonian (Drinfeld-Sokolov-type) reduction of affine Lie superalgebras [21]. In
particular, the vacuum-preserving subalgebras of the N = 7 and N = 8 exceptional su-
perconformal algebras in the limit of infinite central charge are the exceptional finite Lie
superalgebras G(3) and F (4) (in the Kacˇ notation [22]). 3 Hence, it is not surprising that
the quantum hamiltonian reduction of the affine Lie superalgebras Ĝ(3) and F̂ (4) just
yields the N=7 and N=8 superconformal algebras, respectively [21]. The orthogonal and
unitary series of eq. (1.2) are often referred to as the Bershadsky-Knizhnik superconfor-
mal algebras [9, 10]. The non-linear N = 4 superconformal algebras were first obtained
from the linear N = 4 superconformal algebra by factoring out four free fermions and
one boson [27, 28]. The infinite classical family of non-linear superconformal algebras
corresponding to su(1, 1|N) for N > 2 does not admit unitary representations of the
highest-weight type [9, 29]. Similarly, the non-linear superconformal algebras corre-
sponding to the symplectic series osp(4∗|2N) do not admit unitary representations for
N > 1 either [20]. The BRST operators of the Bershadsky-Knizhnik-type superconfor-
mal algebras were studied in refs. [30, 31, 32].
The main purpose of our investigation in this paper is to study possible coset space
realizations for the N = 7 and N = 8 exceptional superconformal algebras. Thereby
3See refs. [23, 24, 25] for details about the G(3) and F (4). Another real form of F (4) corresponds
to N = 2 superconformal symmetry in five space-time dimensions [26].
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we will also answer the question as to whether or not there exist rational (unitary)
superconformal field theories with the ‘exceptional’ N = 7 or N = 8 supersymmetry.
When using the method of quantum hamiltonian reduction, the standard Wakimoto
construction known for any affine Lie (super)algebra [2, 3] allows one to obtain a free
field (Feigin-Fuchs) representation for any extended non-linear superconformal algebra
[21]. Though being practical for a calculation of the screening operators as well as the
correlation functions in superconformal field theory, using this method for constructing
unitary highest-weight irreducible representations requires some additional techniques.
For example, one still needs to find zeroes of the Kacˇ determinant associated with a given
(Verma) module and its null (singular) vectors, which may be a hard problem for the
extended superconformal algebras at large N . On the other hand, the coset construc-
tion can, in principle, answer the question of existence of rational superconformal field
theories in a relatively simple and straightforward way. Therefore, we shall assume that
all the conformal fields in our construction come from the gauged (1,0) supersymmetric
Wess-Zumino-Novikov-Witten (WZNW) models.
Many of the results about unitary highest-weight representations of the linear N = 2
and N = 4 superconformal algebras were obtained in the past by using known results
concerning superconformal algebras with lower N . In the non-linear case, this method
is obviously of a limited use, since the naive tensoring of representations is no longer
valid. Thus we shall use the coset space method directly, in studying the unitary highest-
weight representations of the exceptional non-linear superconformal algebras. The coset
construction is well-known to be a powerful tool in the two-dimensional (super)conformal
field theory [33], and it is presumably able to deliver all rational theories (modulo a
permutation of fusion rules, or making an orbifold from the coset by modding it with
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respect to a dicrete not-free-acting symmetry [2, 3]). The generalizations of the coset
space method are known for the N = 2 extended supersymmetry [34], as well as for the
N = 4 supersymmetry [35, 36, 37, 38]. Though the coset space methods were invented
to study representations of the linear extended superconformal algebras, they have also
been extended to the non-linear N = 4 superconformal algebras as well [35, 36, 37, 38].
Our paper is organized as follows. In sect. 2, we provide the necessary algebraical
and group-theoretical background in seven and eight dimensions, which simultaneously
introduces our notation. In sect. 3, we review the non-linear N = 7 and N = 8 super-
conformal algebras, using the language of the operator product expansions (OPEs). Our
main results about the N = 8 and N = 7 coset constructions are presented in sect. 4.
Our conclusions are summarized in sect. 5. The two appendices provide relevant iden-
tities for the octonionic structure constants (Appendix A), and some details about the
supersymmetry part of the N = 8 exceptional superconformal algebra (Appendix B).
2 A review of the properties of octonions, their au-
tomorphism group and gamma matrices in seven
dimensions
In this section we shall review some known results about the division algebra of octonions,
its automorphism group G2, and gamma matrices in seven dimensions. These results
will be used in later sections, in our study of the exceptional superconformal algebras.
2.1 Division algebra of octonions
Many of the special properties of various mathematical structures in seven and eight
dimensions are related to the octonions. The eight-dimensional division algebra of oc-
6
tonions O is one of the four division algebras that exist over the real numbers. An
arbitrary octonion q can be expanded as [39]
q =
7∑
a=0
qaeˆa , all qa are real numbers , (2.1)
where eˆ0 = 1 represents the identity element, and the imaginary octonion units eˆm,
m = 1, 2, . . . , 7, satisfy the multiplication rule
eˆmeˆn = −δmn + Cmnpeˆp . (2.2)
with Cmnp being the totally antisymmetric structure constants. The seven imaginary
units close under commutation. However, they do not form a Lie algebra under com-
mutation due to the non-associativity of octonions. The ‘Jacobian’ of three elements is
given by 4
⌊⌈eˆm, ⌊⌈eˆn, eˆp⌋⌉⌋⌉ + cyclic permutations = 3Cmnpqeˆq , (2.3)
where the non-vanishing totally antisymmetric tensor Cmnpq is defined as
Ck[mnCp]kq = Cmnpq 6= 0 . (2.4)
The tensor Cmnpq is dual to the tensor Cmnp in seven dimensions:
Cmnpq =
1
6
εmnpqrstCrst . (2.5)
We use the basis given in ref. [39], for which the constants Cmnp read as:
C123 = C147 = C165 = C246 = C257 = C354 = C367 = 1 , (2.6)
while all the other non-vanishing components are determined by the total antisymmetry.
Given eq. (2.6), the non-vanishing (equal to one) components of Cmnpq are given by the
4We do not distinguish between co- and contra-variant indices. All (anti)symmetrizations are defined
with unit weight.
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following values of (mnpq) [24]:
(1, 2, 7, 6) , (1, 2, 4, 5) , (1, 3, 4, 6) , (1, 3, 5, 7) ,
(2, 3, 7, 4) , (2, 3, 5, 6) , and (4, 5, 6, 7) , (2.7)
with the rest being fixed by the total antisymmetry.
The identities satisfied by the tensors Cmnp and Cmnpq have been extensively studied
in the literature [39, 24, 40, 41, 42, 43]). Among them, one has
{Cp, Cq}mn ≡ CpmkCqkn + CqmkCpkn = δpmδqn + δpnδqm − 2δpqδmn , (2.8)
and
Cmnpq = −CkmnCkpq − δmqδnp + δmpδnq . (2.9)
A list of other useful identities, extending those found in refs. [39, 40, 41, 42, 43], is given
in Appendix A.
2.2 G2 , Spin(7) , SO(8) , and Octonions
The automorphism group of octonions is the exceptional group G2. The automorphisms
together with left and right multiplications by unit octonions generate the group SO(8)
[39]. The operation of simultaneous multiplication from the left by a unit octonion q
and right multiplication by the octonion conjugate q¯ together with the automorphisms
generate the group SO(7) [39].
The 8×8 gamma matrices γiab in seven dimensions, which satisfy the Clifford algebra:
{γi, γj} = 2δij18 , (2.10)
where i, j, . . . = 1, 2, . . . , 7, and a, b, . . . = 1, 2, . . . , 8, can be written in terms of the
octonionic structure constants [39, 40, 41, 42]. First, let’s trivially extend C ijk to C
i
ab
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by setting C iab = C
i
jk whenever a(= j) and b(= k) are not equal to 8, while defining
C iab to be zero whenever a or b is equal to 8. The hermitian (purely imaginary and
antisymmetric) gamma matrices in seven dimensions can then be chosen as
γiab = i
(
C iab ± δiaδb8 ∓ δibδa8
)
, (2.11)
where the signs are correlated. Both options for the signs in eq. (2.11) will be exploited
in sect. 4. In later sections we shall use the notation γiab for the upper sign choice,
whereas the notation γ˜iab is going to be used for the lower sign choice, in order to avoid
confusion.
The antisymmetric products of gamma matrices are defined as usual, with unit
weight, viz.
γij···k = γ[iγj · · ·γk] . (2.12)
The antisymmetric self-dual and antiself-dual tensors C±IJKL, (I, J, . . . = 1, 2, . . . , 8)
in eight dimensions will be defined as in refs. [40, 41, 42]:
C±ijkl = Cijkl , and C
±
ijk8 = ±Cijk , (2.13)
With the above choices of gamma matrices one finds
γijab = Cijab + δ
i
aδ
j
b − δibδja ± C ija δb8 ∓ C ijb δa8
= C±ijab + δ
i
aδ
j
b − δibδja .
(2.14)
A bit more effort is needed to calculate γijkl, and we summarize some of the details
below. First, it is straightforward to verify that
γijacγ
kl
cb = − C±ijacC±klbc + C±ijakδlb − C±ijalδkb + C±kljbδia
− C±klibδja + δiaδjkδlb − δiaδjlδkb − δikδjaδlb + δilδjaδkb ,
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and, hence,
γ[ijac γ
kl]
cb = − C± [ijac C± kl]bc − 2C±[ijkaδbl] − 2C±[ijkbδal]
= −C± [ijap C± kl]bp − C [ija C kl]b − 2C±[ijkaδbl] − 2C±[ijkbδal] ,
where we have used eq. (A.3), in particular. Taking now a = m and b = n yields
γ[ijmcγ
kl]
cn = δmnC
ijkl + 4Cm[ijkδl]n + 4Cn[ijkδl]m ,
For a = b = 8 one finds
γ
[ij
8c γ
kl]
c8 = −C [ijp C kl]p = C ijkl ,
and taking a = m, b = 8 yields
γ[ijmcγ
kl]
c8 = −C [ijmpC kl]p − 2C [ijkδl]m = −4C [ijkδl]m .
Thus we find
γijklab = δabC
ijkl + 4C±a[ijkδl]b + 4C
±
b[ijkδl]a , (2.15)
where we have used eq. (A.2). In fact, we just proved the identity
−C± [ijac C± kl]bc − 2C±a[ijkδl]b − 2C±b[ijkδl]a = δabC±ijkl .
The explicit formulas for the gamma matrices will be used in the next section.
The matrices γij represent the 21 generators J ij of Spin(7) in its eight-dimensional
spinor representation. One can extend the spinor representation of Spin(7) to the left
handed or right handed spinor representation of SO(8) by adding the matrices ±iγi
[39, 41, 42]. By defining J i = J i8, the commutation relations of SO(8) can be written
as
⌊⌈J i, J j⌋⌉ = 2J ij ,
⌊⌈J i, Jmn⌋⌉ = 2δimJn − 2δinJm ,
⌊⌈J ij , Jkl⌋⌉ = 2δjkJ il + 2δilJ jk − 2δikJ jl − 2δjlJ ik .
(2.16)
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The automorphism group G2 of octonions is a 14-dimensional subgroup of SO(7). Under
G2, the adjoint representation of SO(7) decomposes as 21 = 14 + 7. We shall denote
the generators of G2 as G
ij. One can choose a basis for G2 such that the generators G
ij
can be expressed in terms of the generators J ij of SO(7) in a simple form [41, 43]:
Gij = 12J
ij + 18C
ij
klJ
kl . (2.17)
Eq. (2.17) implies the linear relations
CijkG
jk = 0 , (2.18)
and these are just the seven constraints that enforce the generators Gij to span the
14-dimensional vector space [39]. Note also the related identities
CijklG
kl = 2Gij , and C
[ij
p G
k]p = 0 . (2.19)
The remaining seven generators of SO(7) can be chosen as
Ai = 12C
ijkJ jk , (2.20)
They are associated with the seven-dimensional coset space SO(7)/G2. Therefore, we
arrive at the decomposition [43]
J ij = 43G
ij + 13C
ijkAk . (2.21)
The G2 generators G
ij satisfy the commutation relations [43]:
⌊⌈Gij , Gkl⌋⌉ = 2δl[iGj]k − 2δk[iGj]l + 12
(
Cklm[iGj]m − C ijm[kGl]m
)
, (2.22)
Furthermore, we have
⌊⌈Ai, Aj⌋⌉ = −8Gij + 2C ijkAk , (2.23)
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thus reflecting the fact that the coset space SO(7)/G2 is not a symmetric space. The
symmetric space SO(8)/SO(7) can be identified with the round seven-sphere S7 . The
space SO(7)/G2 can be considered as the seven-sphere with torsion, and we shall denote
it in what follows as S7T.
The SO(8) generators can similarly be decomposed with respect to G2,
28 = 14 + 7 + 7 , (2.24)
with the generators J i and Ai introduced above transforming in the seven-dimensional
representation of G2 . In a G2 basis, the commutation relations of SO(8) take the form
⌊⌈J i, J j⌋⌉ = 2J ij = 83Gij + 23C ijkAk ,
⌊⌈Ai, J j⌋⌉ = − 2C ijkJk ,
⌊⌈J i, Gkl⌋⌉ = δikJ l − δilJk + 12C iklpJp ,
⌊⌈Ai, Gkl⌋⌉ = δikAl − δilAk + 12C iklpAp ,
(2.25)
in addition to the commutation relations (2.16), (2.22) and (2.23).
The three eight-dimensional representations of SO(8) are in triality and the subgroup
of SO(8) invariant under the triality mapping is G2 [39]. This is evident from the
commutation relations of SO(8) in the G2 basis above. Note also the following additional
identities:
C ijklJ
kl = 83G
ij − 43C ijpAp ,
JijJ
ij = 169 GijG
ij + 23AiA
i ,
CijklJ
ijJkl = 329 GijG
ij − 83AiAi = 2JijJ ij − 4AiAi .
(2.26)
Another embedding of G2 into SO(7) that will be also usefull in the next sections was
given in ref. [39] and later used in ref. [20]. In this embedding the fourteen generators
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MA of G2 (A = 1, 2, .., 14) are given as follows:
M1 =
1√
2
(
T 41 + T 36
)
, M2 =
1√
6
(
T 41 − T 36 + 2T 25
)
,
M3 =
1√
2
(
T 31 − T 46
)
, M4 =
1√
6
(
T 31 + T 46 − 2T 57
)
,
M5 =
1√
2
(
T 21 − T 76
)
, M6 =
1√
6
(
T 21 + T 56 − 2T 45
)
,
M7 =
1√
2
(
T 71 + T 26
)
, M8 =
1√
6
(
T 71 − T 26 − 2T 35
)
,
M9 =
1√
2
(
T 24 − T 73
)
, M10 =
1√
6
(
T 24 + T 73 + 2T 15
)
,
M11 =
1√
2
(
T 74 + T 23
)
, M12 =
1√
6
(
T 74 − T 23 − 2T 65
)
,
M13 =
1√
2
(
T 43 − T 16
)
, M14 =
1√
6
(
T 43 + T 16 + 2T 27
)
,
(2.27)
where T ij are SO(7) generators. For writing down the non-linear N = 7 superconfor-
mal algebra (sect. 3), it is convenient to take the SO(7) generators here in the vector
representation [20],
(T ij)kl = −i
(
δikδ
j
l − δilδjk
)
. (2.28)
Finally, we give a few branching rules for the Spin(7) tensor products, namely
7× 7 = 1 s + 21 a + 27 s , 8× 7 = 8 + 48 , 8× 8 = 1 s + 7 a + 21 a + 35 s , (2.29)
where the 8 stands for the 8-dimensional spinor representation. As far asG2 is concerned,
the only decomposition to be relevant for us is given by
7× 7 = 1 + 7 + 14 + 27 . (2.30)
In Table I, we list some basic facts about G2, SO(7) and SO(8).
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Table I. The groups G2, SO(7) and SO(8)
G dimension rank dual Coxeter number
G2 14 2 4
SO(7) 21 3 5
SO(8) 28 4 6
3 Exceptional non-linear superconformal algebras
In this section, we present the defining OPEs for the N = 8 and N = 7 non-linear
superconformal algebras following ref. [20]. These algebras can be obtained either via a
Drinfeld-Sokolov-type reduction from affine versions of the exceptional Lie superalgebras
F (4) and G(3), respectively [21], or by purely algebraic methods [19, 20]. Both algebras
have generators of conformal dimension 2, 3/2 and 1 only. The N = 8 algebra contains
eight supercurrents SM of conformal dimension 3/2, and 21 symmetry currents of SO(7)
under which the supercurrents transform in the spinor representation. The N = 7
algebra has 7 supercurrents, and 14 symmetry currents of G2. Both algebras contain a
single generator of conformal dimension 2, and they are completely fixed by their field
content and associativity (the Jacobi ‘identities’). Because of their non-linearity, the
‘vacuum-preserving’ algebra, generated by the modes L0, L±1, S
M
±1/2 and T
A
0 , is not
finite. The OPEs to be given below are equivalent to the (anti)commutation relations
of ref. [20].
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3.1 Exceptional N = 8 superconformal algebra
The bosonic part of the N = 8 algebra is a semi-direct product of the affine algebra
̂so(7)k of level k and the Virasoro algebra. The corresponding OPEs are given by
T (z) T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w ,
T (z)Tmn(w) ∼ T
mn(w)
(z − w)2 +
∂Tmn(w)
z − w ,
(3.1)
and
Tmn(z)T pq(w) ∼ −i
z − w {δ
npTmq(w) + δmqT np(w)− δmpT nq(w)− δnqTmp(w)}
+
k
(z − w)2 {δ
mpδnq − δmqδnp} ,
(3.2)
where the adjoint of SO(7) is labeled by a pair of antisymmetric indices, m,n, . . . =
1, 2, . . . , 7. Compared to the previous section, we have normalised the affine spin-1
currents differently, Jmn = 2iTmn0 , where T
mn
0 is the zero-mode of T
mn(z). 5
Since the N = 8 supercurrents SM(z) transform in the spinor representation of SO(7)
and have spin 3/2, we have
T (z) SM(w) ∼
3
2S
M(w)
(z − w)2 +
∂SM (w)
z − w ,
Tmn(z)SM (w) ∼ −i
2
γmnMN
(z − w)S
N(w) ,
(3.3)
The only non-trivial OPE’s are the ones corresponding to the products of N = 8
supersymmetry generators which read as follows:
SM(z)SN (w) ∼ 8k(k + 2)
3(k + 4)
δMN
(z − w)3 +
2T (w)
z − w δ
MN − δ
MN
3(k + 4)
: TmnTmn : (w)
z − w (3.4)
+
2i(k + 2)
3(k + 4)
γMNmn
[
Tmn(w)
(z − w)2 +
∂Tmn(w)
2(z − w)
]
− 1
12(k + 4)
γMNmnpq
: TmnT pq : (w)
z − w ,
5The same normalisation convention was adopted in ref. [20].
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where M,N = 1, . . . , 8, and i, j, . . . = 1, . . . , 7, as in the previous section. The above
eq. (3.4) becomes more transparent and suitable for calculations after substituting the
gamma matrices in terms of the octonionic structure constants (see sect. 2 and Appendix
A). The relevant formulas are collected in Appendix B.
We have verified that all the Jacobi ‘identities’ are satisfied provided that the central
charge c of the N = 8 algebra is determined by the level k as follows:
c = c8 ≡ 4k + 6k
k + 4
≡ 2k(2k + 11)
k + 4
, (3.5)
in agreement with refs. [19, 20]. The identities (2.8) and (2.9) were crucial in checking the
Jacobi ‘identities’ for the N=8 algebra. Compared to Bowcock [20], our supersymmetry
generator SM above differs from his , SMB , by an overall scale factor, namely, S
M =√
2k+4
2k+11S
M
B . It should be stressed that the very existence of such non-linear N = 8
superconformal algebra is highly non-trivial, because several consistency requirements
still have to be satisfied in the process of checking the Jacobi ‘identities’ when all free
parameters are already fixed [20].
3.2 Exceptional N = 7 superconformal algebra
The exceptional N = 7 non-linear superconformal algebra is similar to the N = 8 al-
gebra, with the gauge group G2 instead of SO(7), and seven supercurrents. We shall
denote the generators of G2 as G
A and not as MA as we did in the previous section.
The symbol MA will be used for the seven-dimensional representation matrices of G2,
A = 1, 2, . . . , 14, as given in eq. (2.27), providing the explicit embedding of G2 into
SO(7) [39]. The matrices MA satisfy the properties [20]
tr
(
MAMB
)
= 2δAB ,
MAij M
A
kl =
2
3
(δilδjk − δikδjl)− 1
3
Cijkl .
(3.6)
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The bosonic OPEs of the N=7 algebra are
T (z) T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w ,
T (z)Gij(w) ∼ G
ij(w)
(z − w)2 +
∂Gij(w)
z − w .
(3.7)
The G2 currents satisfy [43]
Gij(z)Gkl(w) ∼ 1
z − w
{
2δl[iGj]k(w)− 2δk[iGj]l(w)
+12C
klm[iGj]m(w)− 12C ijm[kGl]m(w)
}
− k
(z − w)2
{
3
2
(
δikδjl − δilδjk
)
+ 34C
ijkl
}
.
(3.8)
The generators Gij of G2 are related to the generators G
A given in the previous section
as
Gij =
3
4i
MAijG
A . (3.9)
The seven supercurrents Si(z) transform in 7 of G2, and satisfy the OPEs
T (z) Si(w) ∼
3
2S
i(w)
(z − w)2 +
∂Si(w)
z − w ,
GA(z)Si(w) ∼ 1
z − wM
A
ij S
j(w) .
(3.10)
The most important OPE’s are again the ones defining the N = 7 supersymmetry
algebra, and they read as
Si(z)Sj(w) ∼ k(3k + 5)
k + 3
δij
(z − w)3 +
3k + 5
k + 3
MAij
[
GA(w)
(z − w)2 +
1
2
∂GA(w)
z − w
]
+
δij
z − w
[
2T (w)− 1
k + 3
: GAGA : (w)
]
+
3
4(k + 3)
[
MAMB +MBMA
]ij : GAGB : (w)
z − w .
(3.11)
We have verified that all the Jacobi ‘identities’ are indeed satisfied provided that the
central charge is given by [19, 20]
c = c7 ≡ 9
2
k +
2k
k + 3
≡ k(9k + 31)
2(k + 3)
. (3.12)
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Again, it is fully consistent, in particular, with the results of Bowcock [20], after taking
into account the rescaling Si =
√
9k+15
9k+31S
i
B.
There is a confusion in the literature concerning the relationship between the two
exceptional superconformal algebras. The N = 7 non-linear algebra is not a subalgebra
of the N=8 non-linear algebra. This can be most easily seen in the limit c → ∞,
where both algebras linearise. The N = 8 algebra contains the finite Lie superalgebra
F (4) in that limit, which is its vacuum-preserving subalgebra. On the other hand, the
corresponding subalgebra of the N = 7 algebra is G(3). If the N = 7 algebra were
a subalgebra of the N = 8 one, then G(3) would have to be a subalgebra of F (4).
However, it is known that this is not the case. It follows from the fact that the smallest
non-trivial representations of both Lie superalgebras are their adjoint representations.
If G(3) were a subalgebra of F (4), then this would imply that there be an 9-dimensional
(dim adF (4)−dim adG(3) = 9) non-trivial representation of G(3), which does not exist
[22].
4 Exceptional coset constructions
In this section, we shall investigate the possibility of realizing the exceptional super-
conformal algebras over certain special coset spaces G/H . We adopt here the fol-
lowing conventions: 6 we use the early Latin capital letters for G indices, and the
early lower-case Latin letters for G/H indices, A,B, . . . = 1, . . . , dimG, and a, b, . . . =
dimH + 1, . . . , dimG.
6The notation adopted here, in this section, for a general group G and its subgroup H slightly
overlaps with our conventions in the previous sections and in what follows for the particular cosets.
This should not lead to a confusion since we discuss the general and particular cosets separately in our
paper.
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Let k˜ be (integer) level of affine algebra Ĝ realised in terms of (bosonic) currents
JˆA(z). The latter can be thought of as originating from the bosonic WZNW model on
the group G [44, 2, 3], and they satisfy the OPE
JˆA(z)JˆB(w) =
k˜/2
(z − w)2 δ
AB +
ifABDJˆD(w)
z − w + : Jˆ
AJˆB : (w) + . . . , (4.1)
where ifABD are the structure constants of G. Let’s also introduce free fermions in the
adjoint of G, with the OPE
ψA(z)ψB(w) =
1/2
z − wδ
AB+ : ψAψB : (w) + (z − w) : ∂ψAψB : (w) + . . . . (4.2)
These free fermions can be thought of as coming from the (1,0) supersymmetric (het-
erotic) WZNW model on the group G [45, 3].
The basic idea of coset construction is to construct generators of a given supercon-
formal algebra in terms of the basic fields Jˆa(z) and ψa(z) associated with a coset G/H
[33, 2, 3]. Eqs. (4.1) and (4.2) obviously imply
Jˆa(z)Jˆ b(w) =
k˜/2
(z − w)2 δ
ab +
ifabDJˆD(w)
z − w + : Jˆ
aJˆ b : (w) + . . . , (4.3)
and
ψa(z)ψb(w) =
1/2
z − wδ
ab+ : ψaψb : (w) + (z − w) : ∂ψaψb : (w) + . . . . (4.4)
The most general Ansatz for the supercurrents of any extended superconformal al-
gebra over an arbitrary coset is given by
SM(z) = 2α(k˜)
{
hMabψ
a(z)Jˆ b(z) + γ(k˜)ξMa ∂ψ
a(z)− 2i
3
β(k˜)ΓMabc : ψ
aψbψc : (z)
}
, (4.5)
where α(k˜), γ(k˜) and β(k˜) are some functions of the level k˜, while hMab , ξ
M
a and Γ
M
abc are
some tensors, the latter being totally antisymmetric with respect to its subscripts. 7
7No symmetry properties are a` priori assumed for hM
ab
and ξM
a
.
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The Ansatz (4.5) is dictated by dimensional reasons. The tensors hMab , ξ
M
a and Γ
M
abc
have to be consistent with the transformation properties of the conformal fields in the
Ansatz (4.5). For example, the ‘background charge’ terms proportional to ∂ψa can only
contribute when there exists a mixed tensor ξMa which is invariant under the SO(7)
transformations in the N=8 case or under the G2 transformations in the N=7 case.
That is only possible if this tensor is proportional to the delta-symbol, which implies, in
particular when γ 6= 0, that some free fermions ψa should transform in the same SO(7)
or G2 representation as the N=8 or N=7 supercurrents, respectively.
The tensors hMab can be geometrically interpreted as the generalised complex struc-
tures on the coset in question, whereas ΓMabc as the generalized torsion coefficients. The
tensor ξMa represents the background charges (see subsect. 4.2 for a non-trivial example).
The Ansatz (4.5) is supposed to be completely fixed by the superconformal algebra.
This is known to be the case for the superconformal algebras with N ≤ 4 [33, 34, 35,
36, 37, 38], and it is expected to be the case in general. In fact, the resulting constraints
usually lead to an overdetermined system of equations, so that it is highly non-trivial
whether the equations are really consistent and lead to a solution when the number
of supersymmetries is larger than four. As we shall show below, there exist very few
consistent solutions to these constraints in the case of the exceptional N = 7 and N = 8
extended superconformal algebras.
For the unitary representations to be constructed via the coset space method, the
coefficients on the r.h.s. of eq. (4.5) for the supercurrents have to be real, if the fermions
are normalised as above and the currents Jˆa are hermitian.
It is straightforward to calculate the OPE that the supercurrents (4.5) satisfy. We
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find
(4α2)−1SM(z)SN (w) ∼ 1
(z − w)3
[
k˜
4h
M
abh
N
ab +
1
3β
2ΓMabcΓ
N
abc − γ2ξMa ξNa
]
+
1
(z − w)2
[
i
2h
M
abh
N
adf
bdDJˆD + k˜2h
M
abh
N
cb : ψ
aψc :
+ 2β2ΓMabcΓ
N
abd : ψ
cψd : +γ 12(h
M
cb ξ
N
c − hNcbξMc )Jˆ b
−2iβγ(ΓMabcξNa − ΓNabcξMa ) : ψbψc :
]
(w)
+
1
z − w
[
+12h
M
abh
N
ad(: Jˆ
bJˆd : +12if
bdD∂JˆD) + 12γh
M
abξ
N
a ∂Jˆ
b
+ 2β2ΓMabfΓ
N
abg : ∂ψ
fψg : −iβ
(
ΓMabch
N
cf + Γ
N
abch
M
cf
)
Jˆf : ψaψb :
− 4iβγΓMabcξNa : ψb∂ψc : +ihMabhNcdf bdDJˆD : ψaψc :
+ k˜2h
M
abh
N
cb : ∂ψ
aψc : −2β2ΓMabcΓNafg : ψbψcψfψg :
]
(w) .
(4.6)
As far as the N = 8 algebra is concerned, comparing the residues at the (z − w)−3,
(z − w)−2 and (z − w)−1 poles in eqs. (3.4) and (4.6), respectively, yields
8k(k + 2)
3(k + 4)
δMN = α2
[
k˜hMabh
N
ab +
4
3β
2ΓMabcΓ
N
abc − 4γ2ξMa ξNa
]
, (4.7a)
2i(k + 2)
3(k + 4)
γMNmn T
mn(z) = α2
[
2ihMabh
N
adf
bdDJˆD + 4γh
[M
ab ξ
N ]
a Jˆ
b − 16iβγΓ[MabcξN ]a : ψbψc :
+ 2k˜hMabh
N
cb : ψ
aψc : +8β2ΓMabcΓ
N
abd : ψ
cψd :
]
(z) ,
(4.7b)
and [
2T (z)− 1
3(k + 4)
: TmnTmn : (z)
]
δMN +
i(k + 2)
3(k + 4)
γMNmn ∂T
mn(z)
− 1
12(k + 4)
γMNmnpq : T
mnT pq : (z) = α2
[
2hMabh
N
ad
(
: Jˆ bJˆd : +12if
bdD∂JˆD
)
(z)
+4ihMabh
N
cdf
bdDJˆD : ψaψc : (z)− 4iβ
(
ΓMabch
N
cf + Γ
N
abch
M
cf
)
Jˆf : ψaψb : (z)
+2k˜hMabh
N
cb : ∂ψ
aψc : (z) + 8β2ΓMabfΓ
N
abg : ∂ψ
fψg : (z) + 2γhMabξ
N
a ∂Jˆ
b(z)
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−16iβγΓMabcξNa : ψb∂ψc : (z)− 8β2ΓMabcΓNafg : ψbψcψfψg : (z)
]
. (4.7c)
where M,N = 1, 2, . . . , 8.
Quite similar equations appear in the case of the N=7 algebra. We find
k(3k + 5)
k + 3
δmn = α2
[
k˜hmabh
n
ab +
4
3β
2ΓmabcΓ
n
abc − 4γ2ξma ξna
]
, (4.8a)
3k + 5
k + 3
(
MA
)mn
GA(z) = α2
[
2ihmabh
n
adf
bdDJˆD(z) + 4γh
[m
ab ξ
n]
a Jˆ
b − 16iβγΓ[mabcξn]a : ψbψc :
+ 2k˜hmabh
n
cb : ψ
aψc : (z) + 8β2ΓmabcΓ
n
abd : ψ
cψd : (z)
]
,
(4.8b)
and [
2T (z)− 1
k + 3
: GAGA : (z)
]
δmn +
3k + 5
2(k + 3)
(
MA
)mn
∂GA(z)
+
1
4(k + 3)
(
MAMB +MBMA
)mn
: GAGB : (z) = α2
[
2hmabh
n
ad
(
: Jˆ bJˆd : +12if
bdD∂JˆD
)
(z)
+2k˜hmabh
n
cb : ∂ψ
aψc : (z) + 4ihmabh
n
cdf
bdDJˆD : ψaψc : (z) + 2γhmabξ
n
a∂Jˆ
b(z)
−4iβ
(
Γmabch
n
cf + Γ
n
abch
m
cf
)
Jˆf : ψaψb : (z) + 8β2ΓmabfΓ
n
abg : ∂ψ
fψg : (z)
−16iβγΓmabcξna : ψb∂ψc : (z)− 8β2ΓmabcΓnafg : ψbψcψfψg : (z)
]
, (4.8c)
where m,n = 1, 2, . . . , 7, and A = 1, 2, . . . , 14.
For both N = 7 and N = 8 algebras, eq. (a) determines, in particular, the level
k of the algebra, eq. (b) determines the affine currents of the algebra, while eq. (c)
determines the stress tensor. Furthermore, for each equation, there are the complicated
non-linear consistency conditions on the unknown constant tensors h, ξ and Γ, and the
unknown coefficients α, β and γ. For example, as far as the (M,N)-symmetric simple-
pole contributions on the r.h.s. of eq. (4.7c) for the N = 8 algebra are concerned, the
coset current (Jˆa)-dependent terms among them are given by
h
(M
ab h
N)
ad : Jˆ
bJˆd : −4iβΓ(MabchN)cf Jˆf : ψaψb : +γh(Mab ξN)a ∂Jˆ b . (4.9)
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They can only contribute to the trace (δMN -dependent) terms, according to eq. (4.7c).
Moreover, the term quadratic in the coset currents has to be diagonal (i.e. of Sugawara
form), since it is going to contribute to the stress tensor T . Therefore, we conclude that
h
(M
ab h
N)
ad ∼ δMNδbd , Γ(MabchN)cf ∼ δMN , and hMabξNa ∼ δMN , (4.10)
where, in the last equation, we have also taken into account the restrictions coming from
the antisymmetric terms in eq. (4.7c) too. The conditions (4.10) are highly restrictive
since, in addition, all the tensors h, Γ and ξ are to be consistent with the transformation
properties of the both sides of eq. (4.5).
The first equation (4.10) implies that hmab must be the seven-dimensional 8×8 gamma
matrices and h8 ∼ 18 if we assume that the indices a, b, . . . take values in an irreducible
representation of SO(7) (by Schur’s lemma). 8 The second equation (4.10) then becomes
equivalent to the relation
Γmabc = ih
m
cdΓ
8
abd . (4.11)
It is not difficult to verify that eq. (4.11) does not have a non-trivial solution for ΓMabc
which whould be totally antisymmetric with respect to its subscript indices, as required.
Hence, we have to conclude that either all Jˆm or all ΓM have to vanish. Similar conclu-
sions follow for the N=7 case too (see subsect. 4.2).
Thus, the coset we are looking for, if any, should be (7 + 1)-dimensional, the seven-
dimensional space being represented by a seven-sphere (the only parallelizable coset
space in seven dimensions). Indeed, the very existence of the exceptional N = 8 and
N = 7 algebras crucially depends upon unique properties of gamma matrices in seven
dimensions, which are related to octonions. One should therefore have expected that
8The naive solution – the eight-dimensional 16× 16 gamma matrices — is ruled out because it leads
to SO(8) gauge invariance instead of SO(7) required.
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the coset spaces in question are to be the ones given by various symmetry groups of
octonions. The naive candidates for such cosets would be SO(8)/SO(7) for the N = 8
algebra, which corresponds to the round seven-sphere S7, and SO(7)/G2 for the N = 7
algebra, which correponds to the S7T with torsion. However, it is not difficult to convince
oneself that these naive coset spaces can not be the right ones. For the N = 8 algebra,
we need supercurrents that transform in the spinor representation of SO(7), which can
not be obtained from the currents and fermions on S7 that transform in the vector
representation of SO(7), according to eq. (2.29). For the N = 7 algebra, the naive
guess fails due to the fact that SO(7)/G2 is not a symmetric space, which leads to some
unwanted terms in the OPEs. Remarkably enough, a simple extension of the naive coset
spaces by a U(1) factor, i.e. adding a circle or ‘1-sphere’ S1, leads to the consistent
solutions for the above constraints (4.7) and (4.8), as we are going to demonstrate in
the rest of the paper. Adding the U(1) current J(z) is equivalent to introducing a
scalar field φ(z) since J ∼ ∂φ up to a normalisation constant (cf. ref. [46] where the
free-field representations for the orthogonal series of the Bershadsky-Knizhnik non-linear
N -extended superconformal algebras were constructed).
4.1 A construction of the exceptional N = 8 superconformal
algebra over the coset space SO(8)× U(1)/SO(7)
Our starting point is the affine algebra ̂so(8)kˆ ⊕ û(1), defined by the OPEs
Jˆab(z)Jˆcd(w) ∼ 2
z − w
{
δbcJˆad(w) + δadJ bc(w)− δacJˆ bd(w)− δbdJˆac(w)
}
− 4kˆ
(z − w)2
{
δacδbd − δadδbc
}
,
(4.12)
and
Jˆ8(z)Jˆ8(w) ∼ kˆ1/2
(z − w)2 , (4.13)
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where a, b, . . . = 1, 2, . . . , 8, and kˆ1 is a normalisation parameter of the U(1) current Jˆ
8.
The latter can be represented in terms of a scalar field, Jˆ8 ≡ i
√
kˆ1/2 ∂φ.
Because of eq. (4.12), the currents Jˆm = ±iJˆm8, m = 1, . . . , 7, satisfy the OPE
Jˆm(z)Jˆn(w) =
4kˆ
(z − w)2 δ
mn +
2Jˆmn(w)
z − w + : Jˆ
mJˆn : (w) + . . . . (4.14)
Associated with the U(1) factor is an additional free fermionic field ψ8(z), with the
OPE
ψ8(z)ψ8(w) =
1/2
z − w + (z − w) : ∂ψ
8ψ8 : (w) + . . . . (4.15)
This field ψ8 together with the fermions ψm form an 8-dimensional column ψa, with the
OPE (4.4). The currents Jˆm transform in 7 of SO(7), while Jˆ8 is a singlet. The ψa will
transform in the 8 of a Spin(7) algebra to be constructed from fermion bilinears.
Being applied to the particular coset space SO(8)×U(1)/SO(7), our general Ansatz
(4.5) for the N = 8 supercurrents can be simplified to
Sm(z) = 2α
{
γmanψ
a(z)Jˆn(z) + iψm(z)Jˆ8(z) + γ∂ψm(z)− 2i
3
βΓmabc : ψ
aψbψc : (z)
}
,
S8(z) = 2α
{
−iψn(z)Jˆn(z)− iψ8(z)Jˆ8(z) + γ∂ψ8(z)− 2i
3
βΓ8abc : ψ
aψbψc : (z)
}
,
(4.16)
where the parameter γ = γ(kˆ) plays the role of a background charge. To simplify
the structure of our Ansatz (4.16) even further, we represent the generalised complex
structures in terms of the ‘extended’ gamma matrices to be defined as
hMab = γ
M
ab , M = 1, 2, . . . , 8 , with γ
8 ≡ −i18 , (4.17)
These matrices satisfy the identities
γ8abγ
8
ab = −8 , γmabγ8ab = 0 , γMab γNab = −8δMN , (4.18a)
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and
γmnaψ
aJˆm + γ8naψ
aJˆ8 = γnabψ
aJˆ b ,
γm8aψ
aJˆm + γ88aψ
aJˆ8 = γ8abψ
aJˆ b ,
(4.18b)
and allow us to rewrite eq. (4.16) as follows:
SM(z) = 2α(kˆ)
{
γMabψ
a(z)Jˆ b(z) + γ(kˆ)∂ψM (z)− 2i
3
β(kˆ)ΓMabc : ψ
aψbψc : (z)
}
. (4.19)
The only choice for the generalised torsion coefficients ΓMabc on a seven-sphere is
Γ8mnp = A¯Cmnp , Γ
m
npq = B¯C
m
npq , Γ
m
np8 = C¯C
m
np , (4.20)
where the coefficients A¯, B¯ and C¯ are at our disposal.
We thus reduce the problem of a coset space realization for the N=8 algebra to
finding a solution for the coefficients (α, β, γ, kˆ1, A¯, B¯, C¯) from a consistency of the OPE
(4.6) in terms of our Ansatz supercurrents (4.19) with the OPEs of the N = 8 algebra.
In particular, the r.h.s. of eq. (4.7a) must reproduce δMN and determine the level k.
Eq. (4.7b) can be used to determine the SO(7) affine currents Tmn(z) of the N = 8
algebra: taking M = m and N = n, where m,n = 1, 2, . . . , 7, we obtain the expressions
for Tmn(z) and, hence, CpmnT
mn(z), after using eqs. (2.14), (4.18) and (4.20), and the
identities of Appendix A. On the other hand, taking M = m and N = 8 in the same
eq. (4.7b), we can directly calculate CpmnT
mn(z). Both results must agree, and this
gives us a non-trivial consistency relation. The simple-pole contributions of eq. (4.7c)
produce three equations: the trace part proportional to δMN determines the stress tensor
T of the N = 8 algebra, whereas the antisymmetric part and the traceless symmetric
part proportional to γMNmn and γ
MN
mnpq, respectively, yield the consistency relations for the
already determined operators ∂Tmn and : TmnT pq : .
The most severe restrictions come out of the symmetric traceless part of the simple-
pole terms. First of all, the coset current (JˆM -dependent) contributions have to cancel,
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since they are obviously not allowed to contribute to a bilinear in the SO(7) currents.
There are two different types of such unwanted terms on the r.h.s. of eq. (4.7c). First,
the γ-dependent contribution contains the term γ 12γ
M
Nb∂Jˆ
b which has to be proportional
to δMN . However, it is only possible if γ = 0 unless Jˆ
a 6= 0. Hence, we have
γ = 0 , or Jˆm = Jˆ8 = 0 . (4.21)
Second, there are different unwanted terms of the form
2β(CmptJˆ
pψt + Jˆmψ8)ψr + (m↔ r) , (4.22a)
in the OPE for Sm(z)Sr(w), and that of the form
2β(Crnpψ
8ψp + ψnψr)Jˆn , (4.22b)
in the OPE for S8(z)Sr(w). These unwanted terms vanish if and only if
β = 0 , or Jˆm = 0 . (4.23)
To this end, we examine in detail both non-trivial possibilities:
(i) Jˆm 6= 0 , and β = γ = 0,
(ii) Jˆm = γJˆ8 = 0 , and β 6= 0.
(i). This case corresponds to having no trilinear fermions in the Ansatz (β = 0), as
well as no background charge (γ = 0). From eq. (4.7b) we find
i(k + 2)
6(k + 4)
Tmn = α2
{
−Jˆmn − 4kˆψmψn + 4kˆCmnpψpψ8 + 12(kˆ − 18 kˆ1)Cmnpqψpψq
}
,
i(k + 2)
6(k + 4)
CmpqT
pq = α2
{
−CmpqJˆpq + 4kˆCmpqψpψq +
(
4kˆ + 12 kˆ1
)
ψmψ8
}
.
(4.24)
Multiplying the first line of this equation by Cpmn and comparing the result with the
second line yields two equations for the coefficients at the fermionic terms. Fortunately,
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these two equations turn out to be the same if we set:
kˆ1 = 40kˆ . (4.25)
The first line of eq. (4.24) now takes the form
Tmn =
i6(k + 4)
k + 2
α2
{
Jˆmn + 2kˆ
(
2ψmψn − 2Cmnpψpψ8 + Cmnpqψpψq
)}
, (4.26)
where we can recognize the fermionic Spin(7) generators, because of the identity
2ψ[mψn] + Cmnpqψ
pψq − 2Cmnpψpψ8 = ψ¯γ˜mnψ , (4.27)
in terms of the Majorana spinor ψ, ψ¯ = ψ
†
= ψT, with the components ψa, if we take
the lower sign in eq. (2.14). Note also the related identities
Cpmnψ¯γ˜
mnψ = − 2
(
Cpmnψ
mψn + 6ψpψ8
)
,
Cpqmnψ¯γ˜
mnψ = 8
(
ψpψq + Cpqmψ
mψ8
)
.
(4.28)
Eq. (4.7a) consistently produces δMN on the r.h.s. (the identities (4.18) play an
important role here!) and determines α,
α2 = − k(k + 2)
36kˆ(k + 4)
, (4.29)
while eq. (4.26) can now be rewritten in an explicitly SO(7)-covariant form,
Tmn(z) = − ik
6kˆ
{
Jˆmn(z) + 2kˆ : ψ¯γ˜mnψ : (z)
}
. (4.30)
Eq. (4.30) determines the level k of the N = 8 algebra, by comparing the double-
pole contributions on the both sides of the OPE defining the ̂SO(7) algebra that these
currents satisfy. A direct calculation gives
k =
k2
9kˆ2
(
kˆ + 4kˆ2 · 1
)
, or k =
9kˆ
1 + 4kˆ
. (4.31)
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As a result, we get the following simple expression for the Spin(7) current Tmn:
Tmn(z) = − 3i
2(1 + 4kˆ)
{
Jˆmn(z) + 2kˆ : ψ¯γ˜mnψ : (z)
}
. (4.32)
Taking the trace in eq. (4.7c) with respect to the indices M = N , and using δMM = 8
and the obvious properties of the gamma matrices: tr(γmn) = tr(γmnpq) = 0, we find
T − 1
6(k + 4)
: TmnTmn : = α2
[
− : JˆaJˆa : +1
8
(7k˜ + 40kˆ) : ψa∂ψa : −Jˆmn : ψmψn :
−12CmnpqJˆmn : ψpψq : +CmnpJˆmn : ψpψ8 :
]
(4.33)
where eqs. (2.9), (2.11) and (4.17), the book-keeping definition Jˆa ≡ (Jˆm, Jˆ8), as well
as the identities of Appendix A, have been used.
Next, making use of the definitions
γmab = i
(
Cmab + δ
m
a δ
8
b − δmb δ8a
)
, γmn = γ[mγn] ,
γ˜mab = i
(
Cmab − δma δ8b + δmb δ8a
)
, γ˜mn = γ˜[mγ˜n] ,
(4.34)
and the related identities (4.27) together with the identity
Cmnpq : ψ
mψnψpψq : +4Cmnp : ψ
mψnψpψ8 := 12 : (ψ¯γ˜
mnψ)(ψ¯γ˜mnψ) : , (4.35)
we can rewrite eq. (4.33) in a compact and elegant form,
T − 1
6(k + 4)
: TmnTmn : = α2
[
− : JˆaJˆa : +1
8
(7k˜ + 40kˆ) : ψ¯ ∂ψ : −12 Jˆmn : (ψ¯γ˜mnψ) :
]
.
(4.36)
Eq. (4.36) is also explicitly SO(7)-covariant, which is important for the consistency of
our calculations. The coefficients in eq. (4.36) follow from eqs. (4.14), (4.29) and (4.31):
k˜ = 8kˆ , α2 = − 2 + 17kˆ
4(1 + 4kˆ)(4 + 25kˆ)
. (4.37)
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Hence, we get from eq. (4.36) that the N = 8 stress tensor is given by
T =
1
8(1 + kˆ)(4 + 25kˆ)
{
−3 : JˆmnJˆmn : +2(2 + 17kˆ) : JˆaJˆa : −24kˆ(2 + 17kˆ) : ψ¯ ∂ψ :
+(2 + 5kˆ)Jˆmn : (ψ¯γ˜mnψ) : −12kˆ2 : (ψ¯γ˜mnψ)(ψ¯γ˜mnψ) :
}
.
(4.38)
where we have used eq. (4.33). It is straightforward to check the rest of the N = 8
algebra OPEs. In particular, all the equations (4.7) now become identities.
Since the level of an affine Lie algebra based on a compact Lie group must be a pos-
itive integer for unitary highest-weight representations, eq. (4.31) implies that we must
consider either non-highest-weight-type unitary representations or non-unitary represen-
tations of ̂SO(8), in order to have a positive integer k, in general. The only exception
exists when kˆ = 2, which yields k = 2 also. According to eq. (3.5), the corresponding
central charge is given by
c8 = 10 . (4.39)
The full list of the N = 8 algebra generators in the case of kˆ = k = 2, c8 = 10, reads:
Tmn = − i
6
{
Jˆmn + 4 ψ¯γ˜mnψ
}
,
Sm =
2i
3
√
6
γmabψ
aJˆ b , S8 =
2
3
√
6
ψaJˆa ,
T =
1
18
: JˆaJˆa : − 1
432
: JˆmnJˆmn : − 4
3
: ψ¯ ∂ψ :
+
1
108
Jˆmn : (ψ¯γ˜mnψ) : − 1
27
: (ψ¯γ˜mnψ)(ψ¯γ˜mnψ) : .
(4.40)
We should note however that the choice kˆ = 2 is not consistent with the defining
(anti)-commutation relations of the N = 8 algebra since by repeated commutation of
the current Tmn ∼ (Jˆmn + 4ψ¯γ˜mnψ) with itself one generates currents of the form
(Jˆmn + 4lψ¯γ˜mnψ), where l = 1, 2, 3, . . . . If we choose kˆ = 2 we will have to extend the
algebra to a larger one.
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Since the affine current Tmn of the N = 8 algebra in eq. (4.30) is a linear combination
of the bosonic and fermionic contributions, −(i/2)Jˆmn and −(i/2)ψ¯γ˜mnψ, all having
the same (classical) normalisation, Tmn would be precisely given by their sum only if
k = kˆ + 1. This is consistent with eqs. (4.30) and (4.31) if and only if kˆ = 1/2 and
k = 3/2. The full list of the N = 8 algebra generators in the case of kˆ = 1/2, k = 3/2
and c8 = 84/11 is given by
Tmn = − i
2
{
Jˆmn + ψ¯γ˜mnψ
}
,
Sm = i
√
7
33
γmabψ
aJˆ b , S8 =
√
7
33
ψaJˆa ,
T =
1
132
{
7 : JˆaJˆa : − : JˆmnJˆmn : −42 : ψ¯ ∂ψ :
+
3
2
Jˆmn : (ψ¯γ˜mnψ) : − : (ψ¯γ˜mnψ)(ψ¯γ˜mnψ) :
}
.
(4.41)
Another consistent solution is to start from the non-compact real form ̂SO(7, 1) in our
Ansatz, and take its level to be kˆ = −1/2. Using eq. (4.31), this yields the level k = 9/2
for the affine SO(7) symmetry of the N = 8 algebra, and a central charge c8 = 360/17
according to eq. (3.5).
In both cases of consistent solutions the corresponding (1, 0) supersymmetric gauged
WZNW models with the target space SO(8)/SO(7)× U(1) or SO(7, 1)/SO(7)× U(1)
must therefore have a hidden non-linear N = 8 superconformal symmetry on-shell.
(ii). Because of eq. (4.21), we are to distinguish the two possibilities: (a) without a
U(1) current (Jˆ8 = 0) but with a background charge (γ 6= 0), and (b) vice versa, Jˆ8 6= 0
but γ = 0.
The analogue of eq. (4.24) in the case (ii), Jˆm = 0 and β 6= 0, is given by
i(k + 2)
6(k + 4)
Tmn = α2
{
2ψmψn[2β2(B
2
+ C
2
)− 2iβγB]− 2Cmnpψpψ8[−2iβγC + 4β2B C]
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+ Cmnpqψ
pψq[−12β2C2 − 116 kˆ1 + iβγB ]
}
(4.42)
i(k + 2)
6(k + 4)
CmpqT
pq = α2
{
Cmpqψ
pψq[2iβγ(A− C)− 8β2AB] + ψmψ8[12 kˆ1 − 12β2AC ]
}
.
These two equations are only compatible if
4β2B
2
+ 6β2C
2
+ 14 kˆ1 − 4iβγB = 2iβγ(A− C)− 8β2AB ,
−48iβγC + 96β2B C = 24β2AC − kˆ1 ,
(4.43)
where we have to add the additional condition γkˆ1 = 0 from eq. (4.21).
It is not difficult to check that there is only one consistent solution of eq. (4.43) which
is compatible with the SO(7) symmetry, namely,
γ = 0 , A = B = C = 1 , and kˆ1 = −72β2 . (4.44)
The first line of eq. (4.42) thus takes the form
Tmn = − i
2
k(ψ¯γ˜mnψ) , (4.45)
where we have used eq. (4.27) and the eq. (4.7a) gives :
α2 =
k(k + 2)
48β2(k + 4)
. (4.46)
Eqs. (4.45) and (3.5) now imply that
k = 1 , and c8 = 26/5 , (4.47)
respectively. The list of the N = 8 superconformal algebra generators in the case (ii) is
given by
Tmn = − i
2
(
ψ¯γ˜mnψ
)
,
Sm =
i√
5
(
iψmJˆ8 +
1
3
Cmnpqψ
nψpψq + Cmpqψ
pψqψ8
)
,
S8 =
i√
5
(
−iψ8Jˆ8 + Cmnpψmψnψp
)
,
T =
1
20
: Jˆ8Jˆ8 : −3
8
: ψ¯ ∂ψ : +
1
240
: (ψ¯γ˜mnψ)(ψ¯γ˜mnψ) : .
(4.48)
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This case thus corresponds to a unitary realization of the N = 8 algebra in terms of a
single free boson and eight free fermions transforming in 1 and 8 of Spin(7), respectively.
4.2 A construction of the exceptional N = 7 superconformal
algebra over the coset space SO(7)× U(1)/G2
The N = 7 coset construction over SO(7) × U(1)/G2 follows the lines of the N = 8
case considered above. In the N = 7 case, our starting point is the affine algebra
̂SO(7)kˆ whose commutation relations can be read off from eq. (4.12) by restricting the
indices to run from one to seven (m,n, . . . = 1, . . . , 7). Eqs. (2.17) and (2.20) imply the
following definitions of the currents associated with the coset SO(7)/G2 and the group
G2, respectively,
Aˆm(z) = 12C
m
npJˆ
np(z) , and Gˆmn(z) ≡ 12 Jˆmn(z) + 18CmnpqJˆpq(z) . (4.49)
Accordingly, we get the OPE
Aˆm(z)Aˆn(w) =
−12kˆ
(z − w)2 δ
mn +
2CmnkAˆ
k − 8Gˆmn
z − w + : Aˆ
mAˆn : (w) + . . . . (4.50)
We shall denote the affine factor Û(1) by a bosonic current Aˆ0(z), with the (nor-
malised) OPE (cf. eq. (4.13))
Aˆ0(z)Aˆ0(w) =
1/2
(z − w)2+ : Aˆ
0Aˆ0 : (w) + . . . , (4.51)
and define the 8=1+7 free fermions ψa(z) to be (ψm, ψ8), with the OPE as in eq. (4.4).
Our Ansatz for the supercurrents of the N = 7 non-linear superconformal algebra
reads as follows:
Sm = 2α
{
Cmnpψ
nAˆp + aψ8Aˆm + bψmAˆ0 + γ∂ψm
−2i
3
β
[
Cmnpqψ
nψpψq + 3dCmnpψ
8ψnψp
]}
,
(4.52)
33
where α, β, a, b and d are parameters to be determined by the OPEs of the N = 7
algebra.
In terms of the general Ansatz (4.5), eq. (4.52) implies that we equate
hmnp = C
m
np , h
m
8n = aδ
m
n , h
m
n8 = bδ
m
n ; ξ
m
n = γδ
m
n , (4.53)
and
Γmnpq = C
m
npq , Γ
m
np8 = dC
m
np . (4.54)
It follows 9
hmabh
n
ab =
(
6 + a2 + b2
)
δmn ,
hmabh
n
ad =h
m
pbh
n
pd + h
m
8bh
n
8d ,
(4.55)
where
hmaqh
n
ar =Cmnqr − δqnδmr + δmnδqr + a2δmqδnr ,
hma8h
n
a8 =b
2δmn ,
hma8h
n
ap =− bCmnp ,
hmaph
n
a8 =+ bCmnp ,
(4.56)
and, similarly,
hmpch
n
qc =Cmnpq + δmnδpq − δmqδpn + b2δmpδnq ,
hm8ch
n
8c =a
2δmn ,
hm8ch
n
pc =+ aCmnp ,
hmpch
n
8c =− aCmnp .
(4.57)
In addition, we find
ΓmabcΓ
n
abc =6
(
4 + 3d2
)
δmn ,
ΓmabcΓ
n
abd =Γ
m
pqcΓ
n
pqd + 2Γ
m
8pcΓ
n
8pd ,
(4.58)
9Note our conventions: the early lower-case Latin indices take values a, b, . . . = 1, 2, . . . , 8, whereas
the middle lower-case Latin indices take values i, j, . . . = 1, 2, . . . , 7.
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where
ΓmabrΓ
n
abs =2
(
1 + d2
)
Cmnrs + 2
(
2 + d2
)
(δmn δ
r
s − δms δrn) ,
ΓmabrΓ
n
ab8 =− 4dCmnr ,
Γmab8Γ
n
abr =+ 4dC
mnr .
(4.59)
Some other useful corollaries of eq. (4.52) are
i
2h
m
abh
n
adf
bdE JˆE =− 4
(
3 + a2
)
Gˆmn +
(
a2 − 3
)
CmnpAˆp ,
hmabh
n
cbψ
aψc =
(
1 + b2
)
ψmψn + Cmnpqψ
pψq + 2aCmnpψ8ψp ,
2β2ΓmabcΓ
n
abdψ
cψd =4β2
(
2 + d2
)
ψmψn + 4β2
(
1 + d2
)
Cmnpqψ
pψq
+ 16β2dCmnpψ8ψp .
(4.60)
We are now in a position to calculate the r.h.s. of eqs. (4.8b) and (4.8a), by using
the relation k˜ = −24kˆ which follows from eq. (4.50), and the equations above. We find
3k + 5
k + 3
(MA)mnGA = 4α2
{
−4(3 + a2)Gˆmn + (a2 − 3 + γ)CmnpAˆp
+ 4
[
β2(2 + d2)− 3kˆ + 18b2
]
ψmψn
+
[
4β2(1 + d2)− 12kˆ − 4i3 βγ
]
Cmnpqψ
pψq
+4
[
4β2d− 6kˆa+ iγβd
]
Cmnpψ8ψp
}
,
(4.61)
and
k(3k + 5)
k + 3
= 4α2
[
2β2(4 + 3d2)− 6kˆ(6 + a2) + 14b2 − γ2
]
. (4.62)
The stress tensor T of the N = 7 algebra can be calculated from the OPE of the
given supercurrents Sm in eq. (4.52) along the lines of the previous subsection. Taking
the trace in eq. (3.11) and using eq. (3.6), we find
Sm(z)Sm(w) ∼ 7k(3k + 5)
(k + 3)(z − w)3 +
1
z − w
[
14T (w) +
4
3(k + 3)
: GmnGmn : (w)
]
.
(4.63)
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Since tr(MA) = 0 and tr(MAMB) = 2δAB, eqs. (4.8c) and (4.63) imply
7T − 3
kˆ + 4
: GAGA : = α2
{
hmabh
m
ad : Aˆ
bAˆd : −k˜hmabhmcb : ψc∂ψa :
+4hmaph
m
cq(C
pq
s Aˆ
s − 4Gˆpq) : ψaψc : −4iβΓmabchmcf Aˆf : ψaψb : −4β2ΓmabfΓmabg : ψg∂ψf :
+7γb∂Aˆ0 − 4β2ΓmabcΓmafg : ψbψcψfψg :
}
, (4.64)
where m,n, . . . = 1, . . . , 7, and a, b, . . . = 1, . . . , 8.
In accordance with our definitions, we have
hmabh
m
ad : Aˆ
bAˆd : = (6 + a2) : AˆmAˆm : +7b2 : Aˆ0Aˆ0 : ,
hmabh
m
cb : ψ
c∂ψa : = (6 + b2) : ψm∂ψm : +7a2 : ψ8∂ψ8 : ,
hmaph
m
cq(C
pq
sAˆ
s − 4Gˆpq) : ψaψc : = 12aAˆm : ψmψ8 : −3(CmnpAˆp + 4Gˆmn) : ψmψn : ,
Γmabch
m
cf Aˆ
f : ψaψb : = 12dAˆm : ψmψ8 : +(a− 4)CmnpAˆp : ψmψn : ,
ΓmabfΓ
m
abg : ψ
g∂ψf : = 12(2 + d2) : ψm∂ψm : +42d2 : ψ8∂ψ8 : ,
(4.65)
and
ΓmabcΓ
m
afg : ψ
bψcψfψg : = −(2 + d2)Cmnpq : ψmψnψpψq : −16d : ψmψnψpψ8 : . (4.66)
Hence, we can rewrite eq. (4.64) as follows:
7T − 3
kˆ + 4
: GAGA : = α2
{
(6 + a2) : AˆmAˆm : +7b2 : Aˆ0Aˆ0 : +7γb∂Aˆ0
+
[
144kˆ − 48β2(2 + d2)− b2
]
: ψm∂ψm : +168(kˆa2 − β2d2) : ψ8∂ψ8 :
−48Gˆmn : ψmψm : +4 [iβ(4− a)− 3]CpmnAˆp : ψmψn : +48(a− iβd)Aˆm : ψmψ8 :
+4β2(2 + d2)Cmnpq : ψ
mψnψpψq : +64β2dCmnp : ψ
mψnψpψ8 :
}
. (4.67)
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The terms bilinear or quartic in the fermionic fields ψm have to appear in the currents
of the N = 7 algebra in a covariant form, i.e. in the G2-covariant combination
ψ¯gmnψ ≡ ψ¯
(
1
2γ
mn + 18C
mn
pqγ
pq
)
ψ = 2ψmψn + 12C
mn
pqψ
pψq . (4.68)
Some related identities are given by
Gˆmn : ψmψn : =
1
3
Gˆmn : (ψ¯gmnψ) ,
CpmnAˆ
p : ψmψn : = − iAˆm : (ψ¯γ˜mψ) : +2Aˆm : ψmψ8 : ,
Cmnp : ψ
mψnψpψ8 : = − i : (ψ¯γ˜mψ)ψmψ8 : ,
Cmnpq : ψ
mψnψpψq : =
2
3
: (ψ¯gmnψ)(ψ¯gmnψ) : .
(4.69)
When using these identities and eqs. (2.11) and (2.19), we arrive at the explicitly G2-
covariant expression for the stress tensor, namely,
T =
3
7(kˆ + 4)
: GAGA : +
α2
7
{
(6 + a2) : AˆmAˆm : +7b2 : Aˆ0Aˆ0 : +7γb∂Aˆ0
+
[
144kˆ − 48β2(2 + d2)− b2
]
: ψm∂ψm : +168(kˆa2 − β2d2) : ψ8∂ψ8 :
+4 [β(4− a) + 3i] Aˆm : (ψ¯γ˜mψ) : +8 [6(a− iβd) + iβ(4− a)− 3] Aˆm : ψmψ8 :
−16Gˆmn : (ψ¯gmnψ) : −64iβ2d : (ψ¯γ˜mψ)ψmψ8 : +83β2(2 + d2) : (ψ¯gmnψ)2 :
}
, (4.70)
where Aˆm, ψm and : (ψ¯γ˜mψ) : all transform in 7 of G2.
Once all the currents of the N = 7 algebra are determined, we are to consider the
consistency conditions which follow from eq. (4.61) and (4.8c). The terms in (4.8c) that
are symmetric and traceless with respect to (m,n) indices determine the composite field
: GG : which should not depend on the coset currents Aˆm. Similarly to the N = 8 case,
it is not difficult to check that this is only possible if either
(i) Aˆm 6= 0, γ 6= 0 and β = d = 0,
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or
(ii) Aˆm = 0, γ = 0 and β 6= 0.
Each case is separately considered below.
(i). It follows from eqs. (4.61) and (4.68) that
a2 + γ = 3 , akˆ = 0 , b2 + 72kˆ = 0 . (4.71)
Therefore, in order to have a non-trivial solution (kˆ 6= 0), we must take
a = 0 , γ = 3 , b2 = −72kˆ . (4.72)
Eqs. (4.61) and (4.62) now imply (cf. eq. (4.30))
GA = − 1
3
(
MA
)mn [ 2k
1 + 6kˆ
] {
Gˆmn + 2kˆ
(
ψ¯gmnψ
)}
, (4.73)
and
k(3k + 5)
k + 3
= −36α2(1 + 6kˆ) . (4.74)
Since the relative normalisation of the G2 generators Gˆ
mn and
(
ψ¯gmnψ
)
is the same,
it follows from eq. (4.73) that 2kˆ = 1, which implies k = kˆ + 1 = 3/2, exactly as in the
N = 8 case ! This is also consistent with the level equation associated with eq. (4.73).
The affine currents of the N = 7 algebra now take the very simple form:
GA(z) = −1
4
(MA)mn
{
Gˆmn +
(
ψ¯gmnψ
)}
, (4.75)
which is quite similar to the expression for the N = 8 affine currents in eq. (4.41).
Eqs. (3.6) and (4.75) also imply
: GAGA : = − 1
8
:
(
Gˆmn + ψ¯gmnψ
)2
:
= −1
8
:
[
: GˆmnGˆmn : +2Gˆmn : (ψ¯gmnψ) : + : (ψ¯gmnψ)2 :
]
.
(4.76)
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The remaining coefficient values are therefore given by α = (i/12)
√
19/6 and b = i6.
Eq. (3.12) for k = 3/2 yields c7 = 89/12. The list of the N = 7 currents in this realization
reads as follows:
GA = − 1
4
(MA)mn
{
Gˆmn + ψ¯gmnψ
}
,
Sm =
i
6
√
19
6
{
Cmnpψ
nAˆp + i6ψmAˆ0 + 3∂ψm
}
,
T = − 1
84
:
(
Gˆmn + ψ¯gmnψ
)2
: − 19
7 · 122
{
: AˆmAˆm : −42 : Aˆ0Aˆ0 : +i21∂Aˆ0
+18 : ψm∂ψm : −16Gˆmn : (ψ¯gmnψ) : +12iAˆm : (ψ¯γ˜mψ) :
}
,
(4.77)
where ψ8 = 0. It should be noted that the currents Aˆm are anti-hermitian. This leads
to the extra factors of i in the expressions for Sm and T so as to make all the terms
appearing in them hermitian, as required by unitarity.
(ii). Another realization of the N = 7 algebra is possible in terms of one real boson
and seven real fermions at the level k = 1. It corresponds to the following solution of
the consistency equations:
a = d = γ = 0 , b = 4β , α2β2 = 1/24 . (4.78)
The list of the N = 7 currents in this case of c7 = 5 reads:
GA = − 1
3
(MA)mn
(
ψ¯gmnψ
)
,
Sm =
2√
6
{
2ψmAˆ0 − i
3
Cmnpqψ
nψpψq
}
,
T =
2
3
: Aˆ0Aˆ0 : −2
3
: ψm∂ψm : +
1
126
: (ψ¯gmnψ)(ψ¯gmnψ) : .
(4.79)
It is straightforward to check the rest of the N = 7 algebra.
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5 Conclusion
The main results of our investigation are given in sect. 4 where we presented explicit
realizations of the N = 7 and N = 8 non-linear superconformal algebras using coset
space methods. The constraints of the non-linear algebras allowed very few realizations
for each algebra in the compact case, as well as an additional realization for the N = 8
algebra in the non-compact case, within our general Ansatz over specific coset spaces.
It may be possible to find other realizations by considering other more general coset
spaces.
Our results could be relevant for string theory in various ways. The exceptional
superconformal symmetries may arise as hidden symmetries in certain compactifications
of superstring theories. For example, there exist octonionic soliton solutions to the
low-energy heterotic string theory [47, 43, 48]. The octonionic soliton of ref. [47] is
related to the Yang-Mills instanton in eight dimensions with SO(7) gauge group [49,
50]. The octonionic soliton of ref. [43] is related to the seven-dimensional Yang-Mills
instanton with the gauge group G2, which is a remarkable instanton in odd dimensions
[43] (see also ref. [51] for other examples ). The conformal field-theoretic formulations of
these remarkable octonionic solitons of the heterotic string may involve the exceptional
superconformal algebras.
As was shown in ref. [52], the light-cone gauge actions of various superstring theo-
ries in the Green-Schwarz formalism have N = 8 supersymmetry. Since they are also
conformally invariant, this implies that they must be invariant under some N = 8 super-
symmetric extension of the Virasoro algebra. Later, the Green-Schwarz superstring was
shown to have the N = 8 soft algebra [12, 13, 14, 47] as part of its constraint algebra.
Whether the Green-Schwarz superstring action has a hidden non-linear N = 8 or N = 7
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supersymmetry of the type investigated above is an interesting open problem.
A compactification of eleven-dimensional supergravity on the 7-sphere S7 is known
to give N = 8 supergravity in four dimensions, with the SO(8) gauge invariance [53, 54].
Similarly, the cosets S7 × S1 or S7 × S1 × S1 could be used to compactify the eleven-
dimensional supergravity down to three or two dimensions. Recently, it has been realized
that an S1-compactified eleven-dimensional supergravity appears to be the low-energy
effective field theory of the strongly coupled type-IIA superstring which, in turn, is
related to the S1-compactified eleven-dimensional supermembrane [55, 56]. In general,
massless non-Abelian gauge fields do not arise as Kaluza-Klein modes in consistent string
compactifications. It is however possible that the 11-dimensional M-theory may have
consistent compactification over manifolds with non-trivial isometry groups such as the
seven-sphere. If that is the case, then the N = 8 and N = 7 superconformal algebras
may be the hidden symmetries of compactifications involving the seven-sphere.
Interestingly enough, there exist Ricci-flat seven- and eight-dimensional compact
manifolds with the holonomy groups G2 and Spin(7), respectively [57]. Both the ten-
dimensional superstrings and the eleven-dimensional supergravity compactified down to
two and three dimensions ( and three and four dimensions) on such manifolds have
the minimal number (one) of supersymmetries in the corresponding dimension [58, 59].
Whether or not the exceptional superconformal algebras can be related to these con-
structions remains to be investigated.
Having obtained the unitary realizations of the exceptional superconformal algebras
with the central charges c = 26/5 and c = 5, one can use them to represent theN = 0 and
N = 1 superconformal matter. Then, by ‘tensoring’ five conformal matter models of c =
26/5 and adding the conformal ghosts (b, c), one gets an anomaly-free string model (cgh =
41
−26). Similarly, by ‘tensoring’ three superconformal matter models of c = 5 and adding
both the conformal and superconformal ghosts (b, c) and (β, γ), one gets an anomaly-
free superstring model (cgh = −26 + 11 = −15). Thus the exceptional superconformal
algebras may describe ‘exceptional’ compactifications of existing superstring theories
and underlie some novel ‘exceptional’ strings and superstrings !
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Appendix A: Identities for the octonionic structure
constants Cmnp and Cmnpq
The identities collected below follow from the definitions of tensors Cmnp and Cmnpq
in subsect. 2.1. We find (cf refs. [41, 40])
CpmnC
mn
q = 6 δ
p
q , C
mnpCmnp = 42 ,
C [q[mnC
ts]
p] = − 2C [qt[mnδs]p] ,
CpmkC
q
kn =
1
2C
pq
kCknm − 32Cpqmn + 12 (δpmδqn + δqmδpn)− δpqδmn ;
(A.1)
CmnklC
kl
p = − 4Cmnp ,
2Ck[mnC
ks
pq] = C
k
[mnC
ks
p]q − Ckq[mCksnp] ,
Ck[s[mC
t]k
np] = C
[t
[mnδ
s]
p] ,
Cks[mC
tk
np] = Cmnpδ
st − Cs[mnδtp] − 2Ct[mnδsp] ,
Ck[mnC
pq
s]k = 4C
[p
[mnδ
q]
s] ,
CmnkC
kpqs = 6C [pq[mδ
s]
n] ,
Ctk [mnC
k
pq] = − 2C[mnpδtq] ,
C[mnpδ
s
q] − C[mnpδqs] = 32C [s[mnδq]p] ;
(A.2)
and
CmnpkC
kqst = 9C [qs[mnδ
t]
p] + 6 δ
[q
[mδ
s
nδ
t]
p] ,
CmnpqC
pq
st = − 2Cmnst + 4 (δmsδnt − δmtδns) ,
CmkpqCnkpq = 24 δmn ,
Csk[mnC
tk
pq] = − δstCmnpq − Cs[mnCtpq] + 2C[mnpsδtq] + 2C[mnptδsq] .
(A.3)
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Appendix B: N=8 supersymmetry algebra
In this appendix, the N=8 supersymmetry algebra of eq. (3.4) is written down
in a more explicit form, after using the decomposition 8 = 1 + 7 for the SO(7) spinors
Sa = (Sm, S8), and substituting the gamma matrices in terms of the octonionic structure
constants, as in sect. 2. We find
S8(z)S8(w) ∼ 8k(k + 2)
3(k + 4)
1
(z − w)3 +
2T (w)
z − w
− 1
3(k + 4)
1
(z − w)
{
: T pqT pq : +14Cmnpq : T
mnT pq :
}
(w)
=
8k(k + 2)
3(k + 4)
1
(z − w)3 +
2T (w)
z − w
+
1
(k + 4)
1
(z − w)
{
1
3 : A
pAp : −12 : T pqT pq :
}
(w) ,
(B.1)
Sm(z)Sm(w)
no sum over m∼ 8k(k + 2)
3(k + 4)
1
(z − w)3 +
2T (w)
z − w −
1
3(k + 4)
1
(z − w)
×
{
: T pqT pq : +14Crspq : T
rsT pq : +2Cmnpq : T
pqT nm :
}
(w)
=
8k(k + 2)
3(k + 4)
1
(z − w)3 +
2T (w)
z − w
+
1
(k + 4)
1
(z − w)
{
1
3 : A
pAp : −12 : T pqT pq :
}
(w)
+
8
9(k + 4)
1
(z − w) {C
mpq : AqT
pm : −2 : GmqT qm :} (w) ,
(B.2)
Sm(z)S8(w) ∼ i2(k + 2)
3(k + 4)
Cmpq
[
T pq(w)
(z − w)2 +
1
2
∂T pq(w)
z − w
]
+
1
3(k + 4)
Cnpq
: T pqT nm : (w)
(z − w)
=
i4(k + 2)
3(k + 4)
[
Am(w)
(z − w)2 +
1
2
∂Am(w)
(z − w)
]
+
2
3(k + 4)
: ApT
pm : (w)
z − w ,
(B.3)
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and
Sm(z)Sn(w)
m6=n∼ i2(k + 2)
3(k + 4)
[
Cmnpq + 2δ
m
p δ
n
q
] ( T pq(w)
(z − w)2 +
1
2
∂T pq(w)
z − w
)
− 1
3(k + 4)
1
(z − w) [C
ms
pq : T
pqT sn : +Cnspq : T
pqT sm :] (w)
=
i4(k + 2)
9(k + 4)
{
8Gmn(w)− CmnpAp(w)
(z − w)2 +
4∂Gmn(w)− 12Cmnp∂Ap(w)
z − w
}
− 4
9(k + 4)
1
(z − w) [2 : G
msT sn : (w) + 2 : GnsT sm : (w)
−Cmsp : ApT sn : (w)− Cnsp : ApT sm : (w)] ,
(B.4)
where we have extensively used the identities from Appendix A. Note also that in this
appendix the quantity Am represents 12C
m
npT
np.
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